Modified Hartman-Schijve fitting of mode I delamination fatigue data and the resulting variation in threshold values Gthr  by Brunner, Andreas J. et al.
ScienceDirect
Available online at www.sciencedirect.com
 
Av ilable o line at www.sciencedire t.com 
ScienceDirect 
Structural Integrity Procedia 00 (2016) 000–000  
www.elsevier.com/locate/procedia 
 
2452-3216 © 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of PCF 2016.  
XV Portuguese Conference on Fracture, PCF 2016, 10-12 February 2016, Paço de Arcos, Portugal 
Thermo-mechanical modeling of a high pressure turbine blade of an 
airplane gas turbine engine 
P. Brandãoa, V. Infanteb, A.M. Deusc* 
aDepartment of Mechanical Engineering, Instituto Superior Técnico, Universidade de Lisboa, Av. Rovisco Pais, 1, 1049-001 Lisboa, 
Portugal 
bIDMEC, Department of Mechanical Engineering, Instituto Superior Técnico, Universidade de Lisboa, Av. Rovisco Pais, 1, 1049-001 Lisboa, 
Portugal 
cCeFEMA, Department of Mechanical Engineering, Instituto Superior Técnico, Universidade de Lisboa, Av. Rovisco Pais, 1, 1049-001 Lisboa, 
Portugal  
Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
With a view toward applications in structural composite design, mode I (tensile opening) fatigue delamination test data obtained
for carbon fiber-reinforced polymer-matrix (CFRP) composites have recently been (re-)analyzed with different fitting approaches
for the determination of threshold values Gthr. One approach that looks promising as an alternative to the conventional Paris-law 
type presentation of the data (a double logarithmic plot of delamination length increment per cycle da/dN versus GImax or GI) is 
a modified Hartman-Schijve fit (also a double logarithmic plot of da/dN, but versus a square-root function of G) requiring four
fitting parameters (labelled A, , D and Gthr). The present paper details a procedure for selecting the fitting parameters A, , and 
D in order to determine Gthr in a consistent way from the experimental data. For some design approaches, it is important to also 
hav  an estimate of the possible sc tter in experimentally derived values of Gthr. The procedure chosen by the authors yields Gthr
values an  a m asure of the cat er due to experimental variation of the other fit ing parameters. Selected mode I delamination
fatigue data for IM7/8552 CFRP composites from literature ar  use o compare Gthr values and their scatter from Paris-law type 
fitting with those from the modifi d Hartman-S hijve approach. 
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1. Introduction 
CFRP epoxy composites are increasingly used in structures, especially where low specific weight and 
simultaneously high specific strength and stiffness offer advantages, e.g., in the aerospace and automotive sectors. 
Use of these composites is still limited by their comparatively weak interlaminar delamination resistance and shear 
strength. Therefore, test methods for quasi-static and fatigue delamination resistance are developed. For a long time, 
analysis of fatigue fracture test data for composites has been based on so-called Paris-plots, i.e., double logarithmic 
presentation of the (average) delamination length per cycle (da/dN) versus a quantity relating to the critical energy 
release rate GC for the respective fracture mode, e.g., mode I for tensile opening loads based on an analysis by Paris 
and Erdogan 1963. Literature (e.g., Hojo et al. 1987, Brunner et al. 2009, Stelzer et al. 2012) chooses either the 
maximum applied G-value (GImax in case of mode I) or the difference between the maximum and minimum applied 
G-value defined by the so-called R-ratio (G = GImax – GImin) for the Paris-plot. From the graphical presentation of 
the data in this form, a so-called threshold value of G is defined (labelled Gthr), below which no delamination 
propagation is expected. This threshold value, with appropriate safety factors, can then be used in design of 
composite structures in the so-called “no growth” approach (see, e.g., Jones et al. 2014 for details). Recently, as 
discussed by Jones et al. 2014 also, this design criterion has been reconsidered in view of the so-called “short crack 
effects” observed in metal alloys (see, e.g, Smith 1977) and it has been realized that a controlled amount of crack 
propagation may have to be allowed in structures (the so-called “damage-tolerant design approach) requiring 
periodic non-destructive inspection for cracks and their propagation throughout the service life. It is not fully clear 
yet, whether short crack effects analogous to those observed in metals exist in CFRP or polymer composites in 
general as well, but there is accumulating evidence that this may be the case (Jones et al. 2014 discuss one example). 
This requires experimental testing and analysis methods for determining the delamination propagation behavior of 
structural CFRP composites to be used in structural design. Analysis of polymer composite fatigue fracture data is 
currently discussed in literature in great detail and various effects have been pointed out that will affect the Paris-
type curves, and hence, also their interpretation. One aspect is that the original Paris-type analysis is based on critical 
stress intensity factors and that these are replaced by critical energy release rates for polymer composites. As 
discussed by, e.g., Pascoe et al. 2013a, a double-logarithmic relation between da/dN and the square-root of the 
critical energy release rate GC (or analogous quantities like G) seems better suited to describe the fatigue fracture 
behavior of CFRP than the Paris-type equation. Pascoe et al. 2015 also point out that both, maximum strain energy 
release rate and stress energy release rate range may have limitations in capturing the fatigue fracture behavior of 
CFRP, and interference from additional defects, e.g., multiple delaminations are discussed by Pascoe et al. 2013b. 
Another aspect is the effect of fiber bridging that is likely to occur in unidirectional CFRP laminates, and that is 
discussed in detail, e.g., by Yao et al. 2014 and 2016. The present contribution looks into a modified Hartman-
Schijve fitting approach for analyzing CFRP fatigue fracture data under different loading modes. As discussed by 
Jones et al. 2012 and 2014 and detailed in section 2 below, this approach is based on a double-logarithmic plot of 
da/dN versus a quantity with square-root dependence on energy release rate G on one side (e.g., discussed by Pascoe 
et al. 2013a), and, on the other, includes a threshold Gthr as explicit fit parameter. As further advantage, Hartman-
Schijve fitting might be suitable to accommodate the short-crack effects that possibly occur in CFRP, analogous to 
the data shown for metal alloys in Fig. 3 in Jones et al. 2014. In spite of these advantages for analysis of fatigue 
fracture data, the question remains how accurately Hartman-Schijve fitting can quantify the fatigue fracture behavior 
of CFRP, in particular the value of Gthr for the no-growth design and also with respect to stable delamination 
propagation for damage tolerant designs in view of experimental scatter that, based on round robin testing (Stelzer et 
al. 2012, 2014), can amount to up to a decade on the double logarithmic scales of the data plots. 
2. Material, testing, and analysis approach 
2.1. Material and testing 
The material for the fatigue test data is a CFRP epoxy composite (type IM7/8552) with double cantilever beam 
(DCB) specimens manufactured by two different suppliers from the same type of prepreg (see Murri 2013 for 
details). The DCB specimens were tested for quasi-static mode I toughness (ASTM D5528) at a rate of 0.02 
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for the determination of threshold values Gthr. One approach that looks promising as an alternative to the conventional Paris-law 
type presentation of the data (a double logarithmic plot of delamination length increment per cycle da/dN versus GImax or GI) is 
a modified Hartman-Schijve fit (also a double logarithmic plot of da/dN, but versus a square-root function of G) requiring four
fitting parameters (labelled A, , D and Gthr). The present paper details a procedure for selecting the fitting parameters A, , and 
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1. Introduction 
CFRP epoxy composites are increasingly used in structures, especially where low specific weight and 
simultaneously high specific strength and stiffness offer advantages, e.g., in the aerospace and automotive sectors. 
Use of these composites is still limited by their comparatively weak interlaminar delamination resistance and shear 
strength. Therefore, test methods for quasi-static and fatigue delamination resistance are developed. For a long time, 
analysis of fatigue fracture test data for composites has been based on so-called Paris-plots, i.e., double logarithmic 
presentation of the (average) delamination length per cycle (da/dN) versus a quantity relating to the critical energy 
release rate GC for the respective fracture mode, e.g., mode I for tensile opening loads based on an analysis by Paris 
and Erdogan 1963. Literature (e.g., Hojo et al. 1987, Brunner et al. 2009, Stelzer et al. 2012) chooses either the 
maximum applied G-value (GImax in case of mode I) or the difference between the maximum and minimum applied 
G-value defined by the so-called R-ratio (G = GImax – GImin) for the Paris-plot. From the graphical presentation of 
the data in this form, a so-called threshold value of G is defined (labelled Gthr), below which no delamination 
propagation is expected. This threshold value, with appropriate safety factors, can then be used in design of 
composite structures in the so-called “no growth” approach (see, e.g., Jones et al. 2014 for details). Recently, as 
discussed by Jones et al. 2014 also, this design criterion has been reconsidered in view of the so-called “short crack 
effects” observed in metal alloys (see, e.g, Smith 1977) and it has been realized that a controlled amount of crack 
propagation may have to be allowed in structures (the so-called “damage-tolerant design approach) requiring 
periodic non-destructive inspection for cracks and their propagation throughout the service life. It is not fully clear 
yet, whether short crack effects analogous to those observed in metals exist in CFRP or polymer composites in 
general as well, but there is accumulating evidence that this may be the case (Jones et al. 2014 discuss one example). 
This requires experimental testing and analysis methods for determining the delamination propagation behavior of 
structural CFRP composites to be used in structural design. Analysis of polymer composite fatigue fracture data is 
currently discussed in literature in great detail and various effects have been pointed out that will affect the Paris-
type curves, and hence, also their interpretation. One aspect is that the original Paris-type analysis is based on critical 
stress intensity factors and that these are replaced by critical energy release rates for polymer composites. As 
discussed by, e.g., Pascoe et al. 2013a, a double-logarithmic relation between da/dN and the square-root of the 
critical energy release rate GC (or analogous quantities like G) seems better suited to describe the fatigue fracture 
behavior of CFRP than the Paris-type equation. Pascoe et al. 2015 also point out that both, maximum strain energy 
release rate and stress energy release rate range may have limitations in capturing the fatigue fracture behavior of 
CFRP, and interference from additional defects, e.g., multiple delaminations are discussed by Pascoe et al. 2013b. 
Another aspect is the effect of fiber bridging that is likely to occur in unidirectional CFRP laminates, and that is 
discussed in detail, e.g., by Yao et al. 2014 and 2016. The present contribution looks into a modified Hartman-
Schijve fitting approach for analyzing CFRP fatigue fracture data under different loading modes. As discussed by 
Jones et al. 2012 and 2014 and detailed in section 2 below, this approach is based on a double-logarithmic plot of 
da/dN versus a quantity with square-root dependence on energy release rate G on one side (e.g., discussed by Pascoe 
et al. 2013a), and, on the other, includes a threshold Gthr as explicit fit parameter. As further advantage, Hartman-
Schijve fitting might be suitable to accommodate the short-crack effects that possibly occur in CFRP, analogous to 
the data shown for metal alloys in Fig. 3 in Jones et al. 2014. In spite of these advantages for analysis of fatigue 
fracture data, the question remains how accurately Hartman-Schijve fitting can quantify the fatigue fracture behavior 
of CFRP, in particular the value of Gthr for the no-growth design and also with respect to stable delamination 
propagation for damage tolerant designs in view of experimental scatter that, based on round robin testing (Stelzer et 
al. 2012, 2014), can amount to up to a decade on the double logarithmic scales of the data plots. 
2. Material, testing, and analysis approach 
2.1. Material and testing 
The material for the fatigue test data is a CFRP epoxy composite (type IM7/8552) with double cantilever beam 
(DCB) specimens manufactured by two different suppliers from the same type of prepreg (see Murri 2013 for 
details). The DCB specimens were tested for quasi-static mode I toughness (ASTM D5528) at a rate of 0.02 
90 Andreas J. Brunner et al. / Procedia Structural Integrity 2 (2016) 088–095
 Author name / Structural Integrity Procedia 00 (2016) 000–000  3
inch/minute (about 0.5 mm/minute), after conditioning (ASTM D5229). The quasi-static mode I fracture toughness 
GIC were used for selecting G-levels for mode I fatigue delamination onset (ASTM D6115) and mode I fatigue 
propagation, according to a draft standard (version 2009) of ASTM. Similar procedures have been drafted by 
Technical Committee 4 of the European Structural Integrity Society (ESIS) and results have been published, e.g., by 
Brunner et al. 2009, Stelzer et al. 2012, Stelzer et al. 2014. The discussions in these publications highlight selected 
issues relating to test set-up (e.g., the use of sufficiently low load cell ranges) and data analysis (e.g., use of n-point 
polynomial fitting of load-displacement data versus power law or exponential fitting).  
Nomenclature 
A fitting constant for modified Hartman-Schijve equation [J/m2]
ASTM American Society for Testing and Materials International 
a0 initial delamination length [mm] 
a delamination length [mm] 
 exponent for power-law fit of modified Hartman-Schijve equation [-] 
CFRP carbon fiber-reinforced polymer 
D multiplicative factor for power-law fit of modified Hartman-Schijve equation [mm/cycle*(J/m²)(-n/2)]
da/dN crack length increment per cycle [mm/cycle] 
DCB Double Cantilever Beam (specimen for Mode I fracture testing) 
G difference between maximum and minimum total energy release rate G in fatigue cycle [J/m2]
ESIS European Structural Integrity Society 
GIC critical fracture toughness for mode I tensile opening load [J/m2]
Gmax maximum value of the total energy release rate G in fatigue cycle [J/m2]
Gmin minimum value of the total energy release rate G in fatigue cycle [J/m2]
Gthr threshold value of fracture toughness for mode I tensile opening load [J/m2]
MBT Modified Beam Theory 
N cycle number in fatigue test [-] 
R ratio between minimum and maximum stress level (load) in cyclic fatigue tests [-] 
2.2. Modified Hartman-Schijve fitting 
The use of a modified Hartman-Schijve fitting for analyzing the mode I fatigue fracture data of the IM7/8552 
CFRP composite obtained by Murri 2013 is investigated. The modification of the equation consists of replacing the 
stress-intensity factor of the original equation (Hartman and Schijve, 1970) by the energy release rate in equation 
(1). The main aim is to define a consistent procedure for Hartman-Schijve fitting of fatigue data and specifically to 
determine the range of variation induced in the Gthr fit parameter by parameter variation within physically 
reasonable limits. The modified Hartman-Schijve fitting is one approach that presents the (average) delamination 
length increment per fatigue cycle (da/dN) versus a square-root dependence on energy release rate as suggested by 
Pascoe et al. 2013a. The modified Hartman-Schijve equation (2) is essentially a power-law between delamination 
rate (da/dN, y-axis) and the square-root G-term (x-axis) with the two fit parameters D and exponent .
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The quantities of equation (1) are defined in the nomenclature and A, , D and Gthr are the four fit parameters to 
describe the dependence of da/dN on the square-root of G. The analysis by Murri 2013 compared 2-point and 7-
point polynomial fits (ASTM E647) and this contribution explores a modified Hartman-Schijve fitting for selected 
data from the same set. A consistent procedure is proposed that treats Gthr that is of interest in composite design as 
parameter depending on explicitly chosen values of the other fit parameters in order to estimate variation of Gthr and 
allows determining a design limit from Gthr based on scatter in experimental data. 
3. Results and Discussion 
3.1. Comparison between Paris-type and Hartman-Schijve type data presentation 
Fig. 1 compares the same data (Murri 2013) in Paris-type and modified Hartman-Schijve graphs, the latter with 
one set of fit parameters (A = 240 J/m2,  = 6.9617, D = 1.3628x10-12 (mm/cycle) (J/m²)(-n/2), and Gthr = 77 J/m2). 
Data were evaluated with the MBT method. Both methods for the presentation of the data yield curves that show 
little scatter, but some curvature, even though both axes have logarithmic scales. If the Paris-type data are 
extrapolated to a da/dN-value of 10-10 mm/cycle, a rough estimate for Gthr is obtained. This amounts to about 80-90 
J/m2, if the lower part of the curve (i.e., steeper slope), and to about 60-70 J/m2, if the upper part (lower slope), 
respectively, is extrapolated. If the Hartman-Schijve data are extrapolated to the same value of da/dN, the x-axis 
value amounts to about 1.5 in units of square-root (J/m2). Backcalculating Gthr will depend on the values of the other 
fitting parameters, but the fitting value of Gthr = 77 J/m2 used in Fig. 1(b) is roughly consistent with the extrapolated 
values from the Paris-type graph. While an estimate of the scatter in Gthr for the Paris-type curve can be obtained by  
Fig. 1. (a) Fatigue fracture data in Paris-type plot; (b) the same data in a modified Hartman-Schijve plot. 
(a) 
(b) 
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inch/minute (about 0.5 mm/minute), after conditioning (ASTM D5229). The quasi-static mode I fracture toughness 
GIC were used for selecting G-levels for mode I fatigue delamination onset (ASTM D6115) and mode I fatigue 
propagation, according to a draft standard (version 2009) of ASTM. Similar procedures have been drafted by 
Technical Committee 4 of the European Structural Integrity Society (ESIS) and results have been published, e.g., by 
Brunner et al. 2009, Stelzer et al. 2012, Stelzer et al. 2014. The discussions in these publications highlight selected 
issues relating to test set-up (e.g., the use of sufficiently low load cell ranges) and data analysis (e.g., use of n-point 
polynomial fitting of load-displacement data versus power law or exponential fitting).  
Nomenclature 
A fitting constant for modified Hartman-Schijve equation [J/m2]
ASTM American Society for Testing and Materials International 
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a delamination length [mm] 
 exponent for power-law fit of modified Hartman-Schijve equation [-] 
CFRP carbon fiber-reinforced polymer 
D multiplicative factor for power-law fit of modified Hartman-Schijve equation [mm/cycle*(J/m²)(-n/2)]
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DCB Double Cantilever Beam (specimen for Mode I fracture testing) 
G difference between maximum and minimum total energy release rate G in fatigue cycle [J/m2]
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Gthr threshold value of fracture toughness for mode I tensile opening load [J/m2]
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N cycle number in fatigue test [-] 
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2.2. Modified Hartman-Schijve fitting 
The use of a modified Hartman-Schijve fitting for analyzing the mode I fatigue fracture data of the IM7/8552 
CFRP composite obtained by Murri 2013 is investigated. The modification of the equation consists of replacing the 
stress-intensity factor of the original equation (Hartman and Schijve, 1970) by the energy release rate in equation 
(1). The main aim is to define a consistent procedure for Hartman-Schijve fitting of fatigue data and specifically to 
determine the range of variation induced in the Gthr fit parameter by parameter variation within physically 
reasonable limits. The modified Hartman-Schijve fitting is one approach that presents the (average) delamination 
length increment per fatigue cycle (da/dN) versus a square-root dependence on energy release rate as suggested by 
Pascoe et al. 2013a. The modified Hartman-Schijve equation (2) is essentially a power-law between delamination 
rate (da/dN, y-axis) and the square-root G-term (x-axis) with the two fit parameters D and exponent .















A
G
GG
D
dN
da thr
max
max
1
   (1) 
Dxy     (2)
4 Author name / Structural Integrity Procedia  00 (2016) 000–000
The quantities of equation (1) are defined in the nomenclature and A, , D and Gthr are the four fit parameters to 
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point polynomial fits (ASTM E647) and this contribution explores a modified Hartman-Schijve fitting for selected 
data from the same set. A consistent procedure is proposed that treats Gthr that is of interest in composite design as 
parameter depending on explicitly chosen values of the other fit parameters in order to estimate variation of Gthr and 
allows determining a design limit from Gthr based on scatter in experimental data. 
3. Results and Discussion 
3.1. Comparison between Paris-type and Hartman-Schijve type data presentation 
Fig. 1 compares the same data (Murri 2013) in Paris-type and modified Hartman-Schijve graphs, the latter with 
one set of fit parameters (A = 240 J/m2,  = 6.9617, D = 1.3628x10-12 (mm/cycle) (J/m²)(-n/2), and Gthr = 77 J/m2). 
Data were evaluated with the MBT method. Both methods for the presentation of the data yield curves that show 
little scatter, but some curvature, even though both axes have logarithmic scales. If the Paris-type data are 
extrapolated to a da/dN-value of 10-10 mm/cycle, a rough estimate for Gthr is obtained. This amounts to about 80-90 
J/m2, if the lower part of the curve (i.e., steeper slope), and to about 60-70 J/m2, if the upper part (lower slope), 
respectively, is extrapolated. If the Hartman-Schijve data are extrapolated to the same value of da/dN, the x-axis 
value amounts to about 1.5 in units of square-root (J/m2). Backcalculating Gthr will depend on the values of the other 
fitting parameters, but the fitting value of Gthr = 77 J/m2 used in Fig. 1(b) is roughly consistent with the extrapolated 
values from the Paris-type graph. While an estimate of the scatter in Gthr for the Paris-type curve can be obtained by  
Fig. 1. (a) Fatigue fracture data in Paris-type plot; (b) the same data in a modified Hartman-Schijve plot. 
(a) 
(b) 
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varying the slope of the extrapolating line based on the scatter in the experimental data (i.e., about 75±15 J/m2),
determining the scatter from the Hartman-Schijve plot requires variation of the different fitting parameters and 
comparison between the curves generated by these. This is shown in the sections below. 
        Table 1. Values of  and D from power law fitting of different data ranges 
Range of data points Value of  Value of D 
0-148 (all data) 3.73 1.34 x 10-10
99-148 (lowest 50 points) 4.63 5.56 x 10-11
0-49 (highest 50 points) 3.57 1.75 x 10-10
3.2. Exploring the range of Hartman Schijve fitting parameter values 
The first step of the procedure consists of determining the fitting parameters  and D from a linear fit to the 
experimental data. Due to the curvature in the data (Fig. 1(b)), different combinations of  and D result from using 
the full data range or parts. Examples of fits and average and extreme values are shown in Fig. 2 and in Table 1.It is 
clear that the fit parameters  and D strongly depend on the range of data points that is selected. This is due to the 
nonlinearity of the data set that is the double-logarithmic graph (Fig. 1). Hence, the procedure for determining the 
scatter in Gthr has to consider the range of  and D from power law fitting. However, taking the individual extremes 
(maximum and minimum, respectively) of  and D separately may result in an overestimation of the scatter in Gthr.
The next parameter to be varied is A which can be considered as describing the behavior of the curve for higher 
values of the energy release rate G, close to the quasi-static delamination resistance (GIC). A first approximation for 
A is taking the average quasi-static value of GIC determined for the respective CFRP composite, e.g., according to 
the procedure described in ASTM D5528. The experimental variation of A can then be estimated by taking the 
standard deviation (or multiples, e.g., two- or three-times), depending on the desired statistical significance. Fig. 3 
shows a comparison between fits obtained with selected parameter values of D,  and A. In each graph, values of 
and D are kept constant while varying A. The examples shown in Fig. 3 indicate that scatter and respective variation 
of A does not significantly alter the fits, except for the range fitted, if all other parameters are kept constant. Due to 
the specific choice of the data range used for determining D and , it is clear that the quality of the fit is somewhat 
different for the two cases shown in Fig. 3, i.e., fitting the center/top part of the curve and the lower part, 
respectively, better (from visual comparison). The next question is now, how these fits are changed by varying Gthr,
while keeping the other parameters fixed. 
(a) (b) 
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Fig. 2. (a) Hartman-Schijve analysis, fitting all data points; (b) fitting lowest 50 points, (c) fitting highest 50 points.
Fig. 3. Hartman-Schijve fit of experimental data showing variation of parameter A (as indicated in the data labels) for D and 
(a) from full data set; (b) from lowest 50 points. The parameter Gthr is fixed at 77 J/m2 for all data shown here. 
(a)
(c) 
(b)
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varying the slope of the extrapolating line based on the scatter in the experimental data (i.e., about 75±15 J/m2),
determining the scatter from the Hartman-Schijve plot requires variation of the different fitting parameters and 
comparison between the curves generated by these. This is shown in the sections below. 
        Table 1. Values of  and D from power law fitting of different data ranges 
Range of data points Value of  Value of D 
0-148 (all data) 3.73 1.34 x 10-10
99-148 (lowest 50 points) 4.63 5.56 x 10-11
0-49 (highest 50 points) 3.57 1.75 x 10-10
3.2. Exploring the range of Hartman Schijve fitting parameter values 
The first step of the procedure consists of determining the fitting parameters  and D from a linear fit to the 
experimental data. Due to the curvature in the data (Fig. 1(b)), different combinations of  and D result from using 
the full data range or parts. Examples of fits and average and extreme values are shown in Fig. 2 and in Table 1.It is 
clear that the fit parameters  and D strongly depend on the range of data points that is selected. This is due to the 
nonlinearity of the data set that is the double-logarithmic graph (Fig. 1). Hence, the procedure for determining the 
scatter in Gthr has to consider the range of  and D from power law fitting. However, taking the individual extremes 
(maximum and minimum, respectively) of  and D separately may result in an overestimation of the scatter in Gthr.
The next parameter to be varied is A which can be considered as describing the behavior of the curve for higher 
values of the energy release rate G, close to the quasi-static delamination resistance (GIC). A first approximation for 
A is taking the average quasi-static value of GIC determined for the respective CFRP composite, e.g., according to 
the procedure described in ASTM D5528. The experimental variation of A can then be estimated by taking the 
standard deviation (or multiples, e.g., two- or three-times), depending on the desired statistical significance. Fig. 3 
shows a comparison between fits obtained with selected parameter values of D,  and A. In each graph, values of 
and D are kept constant while varying A. The examples shown in Fig. 3 indicate that scatter and respective variation 
of A does not significantly alter the fits, except for the range fitted, if all other parameters are kept constant. Due to 
the specific choice of the data range used for determining D and , it is clear that the quality of the fit is somewhat 
different for the two cases shown in Fig. 3, i.e., fitting the center/top part of the curve and the lower part, 
respectively, better (from visual comparison). The next question is now, how these fits are changed by varying Gthr,
while keeping the other parameters fixed. 
(a) (b) 
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Fig. 2. (a) Hartman-Schijve analysis, fitting all data points; (b) fitting lowest 50 points, (c) fitting highest 50 points.
Fig. 3. Hartman-Schijve fit of experimental data showing variation of parameter A (as indicated in the data labels) for D and 
(a) from full data set; (b) from lowest 50 points. The parameter Gthr is fixed at 77 J/m2 for all data shown here. 
(a)
(c) 
(b)
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Fig. 4. Hartman-Schijve fit of experimental data showing variation of parameter Gthr (as indicated in the data labels) for D and 
(a) from full data set; (b) from lowest 50 points. The parameter A is fixed at 240 J/m2 for all data shown here. 
Fig. 4 shows examples of varying Gthr for selected values of the other parameters (D, , Table 1). A is set to 240 
J/m2 (Fig. 4), since variation did not yield significant effects on fitting (Fig. 3). The “best” value of 77 J/m2 for Gthr
is chosen by visual comparison between the data measured and predicted by the modified Hartman-Schijve fit. From 
trial and error it is estimated that Gthr is determined to within ±2 J/m2. As for parameter A, the quality of the fit 
depends on the data range and is lower for the lowest 50 points. Due the two different parameter variations 
discussed here, the value of Gthr is likely between about 77 and 80 J/m2, roughly in agreement with the extrapolation 
from the Paris-type graph, if the upper part of the curve is extrapolated. 
3.3. Discussion of variation in Gthr
In order to determine an average value of Gthr for each specimen, the full range of D and  values could be 
determined from specified ranges of data points for the power-law fit. From that and for fixed values of the 
parameter A (from quasistatic GIC testing), the lowest and highest values of D and  could be fitted for the best 
visually judged agreement by varying Gthr for each of the combinations of D and . The resulting values of Gthr
could then either be used to determine the standard deviation of the average of Gthr. In that way, a consistent 
procedure for determining a statistically useful value for the fatigue delamination threshold and its scatter is 
obtained that should yield sufficiently repeatable values for data sets from one laboratory and possibly also 
reproducible values from round robin data from different laboratories. Of course, this procedure can be elaborated 
further. It also seems feasible to automate this procedure in a code for analyzing larger set of data. 
(a) 
(b) 
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4. Summary 
A procedure for fitting Mode I fracture fatigue data of CFRP composites with a modified Hartman-Schijve 
equation is investigated with respect to scatter in Gthr caused by the scatter in the data and in the other fitting 
parameters. This consists of fitting the full, the lower and upper range of the data points in the double-logarithmic 
Hartman-Schijve graph with a power law for determining prefactor D and the exponent . A can be selected as the 
average critical energy release rate from quasistatic-tests on the same type of CFRP. Finally, Gthr is selected for each 
set of values of A,  and D such that a visually judged “best” fit between predicted and measured values is achieved. 
This will give an indication of the average value and of the scatter in Gthr. This procedure can be extended by 
including more values of A,  and D in the fitting for Gthr and calculating average and standard deviation from that.  
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Fig. 4. Hartman-Schijve fit of experimental data showing variation of parameter Gthr (as indicated in the data labels) for D and 
(a) from full data set; (b) from lowest 50 points. The parameter A is fixed at 240 J/m2 for all data shown here. 
Fig. 4 shows examples of varying Gthr for selected values of the other parameters (D, , Table 1). A is set to 240 
J/m2 (Fig. 4), since variation did not yield significant effects on fitting (Fig. 3). The “best” value of 77 J/m2 for Gthr
is chosen by visual comparison between the data measured and predicted by the modified Hartman-Schijve fit. From 
trial and error it is estimated that Gthr is determined to within ±2 J/m2. As for parameter A, the quality of the fit 
depends on the data range and is lower for the lowest 50 points. Due the two different parameter variations 
discussed here, the value of Gthr is likely between about 77 and 80 J/m2, roughly in agreement with the extrapolation 
from the Paris-type graph, if the upper part of the curve is extrapolated. 
3.3. Discussion of variation in Gthr
In order to determine an average value of Gthr for each specimen, the full range of D and  values could be 
determined from specified ranges of data points for the power-law fit. From that and for fixed values of the 
parameter A (from quasistatic GIC testing), the lowest and highest values of D and  could be fitted for the best 
visually judged agreement by varying Gthr for each of the combinations of D and . The resulting values of Gthr
could then either be used to determine the standard deviation of the average of Gthr. In that way, a consistent 
procedure for determining a statistically useful value for the fatigue delamination threshold and its scatter is 
obtained that should yield sufficiently repeatable values for data sets from one laboratory and possibly also 
reproducible values from round robin data from different laboratories. Of course, this procedure can be elaborated 
further. It also seems feasible to automate this procedure in a code for analyzing larger set of data. 
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4. Summary 
A procedure for fitting Mode I fracture fatigue data of CFRP composites with a modified Hartman-Schijve 
equation is investigated with respect to scatter in Gthr caused by the scatter in the data and in the other fitting 
parameters. This consists of fitting the full, the lower and upper range of the data points in the double-logarithmic 
Hartman-Schijve graph with a power law for determining prefactor D and the exponent . A can be selected as the 
average critical energy release rate from quasistatic-tests on the same type of CFRP. Finally, Gthr is selected for each 
set of values of A,  and D such that a visually judged “best” fit between predicted and measured values is achieved. 
This will give an indication of the average value and of the scatter in Gthr. This procedure can be extended by 
including more values of A,  and D in the fitting for Gthr and calculating average and standard deviation from that.  
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